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ABSTRACT
The non-Abelian plane waves, first found in flat spacetime by Coleman and subsequently
generalized to give pp-waves in Einstein-Yang-Mills theory, are shown to be 12 - supersym-
metric solutions of a wide variety of N = 1 supergravity theories coupled to scalar and vector
multiplets, including the theory of SU(2) Yang-Mills coupled to an axion σ and dilaton φ
recently obtained as the reduction to four-dimensions of the six-dimensional Salam-Sezgin
model. In this latter case they provide the most general supersymmetric solution. Passing
to the Riemannian formulation of this theory we show that the most general supersym-
metric solution may be constructed starting from a self-dual Yang-Mills connection on a
self-dual metric and solving a Poisson equation for eφ. We also present the generalization of
these solutions to non-Abelian AdS pp-waves which allow a negative cosmological constant
and preserve 14 of supersymmetry.
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1 Introduction
There is a considerable literature on Yang-Mills theory coupled to Einstein gravity in four-
dimensions, but comparatively few exact results are known outside the realm of Abelian
embeddings, where the problem reduces to the even more intensively studied Einstein-
Maxwell theory. In the four-dimensional flat Minkowski spacetime, Coleman [1] exhibited
genuinely non-abelian solutions of plane wave type and these were subsequently generalized
to incorporate the effects of gravity [2], [3]. Non-abelian plane waves were then embedded
into ten-dimensional Superstring Theory in [4] but the Yang-Mills field considered there
did not arise through a process of dimensional reduction. It was found that these solutions
constitute a natural generalization of the familiar vacuum pp-wave spacetimes. In the
particular case of the non-Abelian plane waves it was also noted that, as in the case of
the four-dimensional vacuum plane-waves [5] [6], the solutions are not affected by quantum
corrections. In the Riemannian regime a great deal is known about self-dual Yang-Mills
solutions on a fixed background, but these are not usually consistent unless the metric is
Ricci flat. One particularly interesting case is the extension of the well-known ’t Hooft
ansatz to a Hyper-Ka¨hler background apparently first written down in [7] (see [8] [9] for
recent discussions). There is also a considerable literature on Einstein-Yang-Mills theory
coupled to a dilaton, but again few exact results are known.
For physical interpretations it is natural to view these problems from the point of view
of supersymmetry and of higher dimensions. The smallest dimension which yields a non-
Abelian Yang-Mills theory through the Kaluza-Klein reduction is six and recently, two of
us have shown [10] how the SU(2) Yang-Mills fields together with an axion and a dilaton,
coupled to the four-dimensional Einstein gravity can be obtained as a consistent and super-
symmetric Pauli type reduction of the six-dimensional (1, 0) gauged supergravity theory.
This theory was first constructed by Nishino and Sezgin [12] and its reduction to four dimen-
sions was first discussed by Salam and Sezgin [13]. The resulting four-dimensional theory
contains a scalar multiplet whose bosonic sector comprises an axion and a dilaton together
with an SU(2) Yang-Mills vector multiplet. There is no potential for the scalars. The the-
ory can be seen as a special case of the general coupling of scalar and vector multiplets to
N = 1 supergravity first worked out by Cremmer et al. [14–16]. Under some circumstances,
for example for purely magnetic or purely electric solutions, the axion field σ can be consis-
tently set to a constant value in which case the equations of motion coincide with those of
the much studied Einstein-Maxwell-dilaton system modulo the non-Abelian nature of the
spin-1 fields. An interesting class of non-trivial Abelian solutions are of Robinson-Trautman
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type [17].
In the study of all supersymmetric backgrounds of the six-dimensional gauged super-
gravity theory a sub-problem is to find all supersymmetric solutions of its four-dimensional
Pauli reduction. One of the purposes of the present letter is to give the complete solution
of this sub-problem and this will lead to an interesting connection to the old works on
non-Abelian pp-waves. We shall show that the non-Abelian pp-waves exhaust the class of
all supersymmetric solutions of the four-dimensional equations of the Salam-Sezgin model.
From this result it follows that Coleman’s original solutions exhaust the class of supersym-
metric Yang-Mills fields in flat spacetime thus giving them a possible significance. Moreover,
we shall show that non-Abelian pp-waves are in fact supersymmetric solutions of the much
wider class of theories constructed by Cremmer et al. We shall also furnish the general-
ization of the non-Abelian pp-wave solutions which incorporates a negative cosmological
constant. These will be the non-Abelian anti-de Sitter (AdS) pp-waves which may have
potential applications to the AdS/CFT correspondence. We shall begin by considering the
simplest Salam-Sezgin model.
2 The Salam-Sezgin Model
In a previous letter, three of us showed [18] that the remarkable supersymmetric back-
ground found by Salam and Sezgin is in fact unique among all non-singular solutions of the
six-dimensional theory with four-dimensional Poincare´, de Sitter or anti-de Sitter invari-
ance. The present section is to some extent complementary: we obtain all supersymmetric
solutions of the four-dimensional reduced theory. The reduced four-dimensional theory de-
scribes N = 1 supergravity coupled to a scalar multiplet whose bosonic sector comprises
an axion σ and dilaton φ and an SU(2) vector multiplet whose bosonic sector consists of a
Yang-Mills connection Ai.
The bosonic Lagrangian of this reduced theory is
L = R ∗1l− 12∗dφ ∧ dφ− 12e2φ ∗dσ ∧ dσ − 12e−φ ∗F i ∧ F i + 12σ F i ∧ F i , (2.1)
and the four-dimensional fermionic supersymmetry transformations are
δλi = − 1
4
√
2
e−
1
2φ F iαβ γ
αβǫ , (2.2)
δχ = 14(∂αφ − i eφ ∂ασ γ5)γα ǫ , (2.3)
δψ′α = ∇α ǫ− i4 eφ ∂ασ γ5ǫ . (2.4)
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Since we are using spacetime signature (−,+,+,+), there exists a representation of the
gamma matrices such that they are all real. Our convention for γ5 is such that γ
2
5 = +1,
and hence i γ5 is also real in this representation. Thus we may regard the spinors of the
four-dimensional theory either as purely real (i.e. Majorana) or as complex and Weyl.
Note that if F i ∧F i = 0, then it is consistent to set the field σ to a constant value, and
the equations of motion reduce to those of the pure Einstein-Yang-Mills-Dilaton system.
The consistent embedding of the above four-dimensional N = 1 theory into the six-
dimensional chiral supergravity of Salam and Sezgin was obtained in [10]; in the bosonic
sector, the reduction ansatz is given by
dsˆ26 = e
1
2φ ds24 + e
−12φ gmn (dym + 2g Kmi A
i)(dyn + 2g Knj A
j) ,
Fˆ(2) =
1
2g
Ω2 − d(µiAi) ,
Hˆ(3) = H(3) − 2g F i ∧Kim (dym + 2g Aj Kmj ) ,
φˆ = −φ , (2.5)
where Kmi = (8g
2)−1 ǫmn ∂n µi are the Killing vectors on the unit 2-sphere defined by
µi µi = 1, and gmn is the metric on the 2-sphere scaled to radius 1/(2
√
2 g). If this ansatz
is substituted into the equations of motion following from the Lagrangian
L = Rˆ ∗ˆ1l− 14 ∗ˆdφˆ ∧ dφˆ− 12eφˆ ∗ˆHˆ(3) ∧ Hˆ(3) − 12e
1
2 φˆ ∗ˆFˆ(2) ∧ Fˆ(2) − 8g2 e−
1
2 φˆ ∗ˆ1l (2.6)
of the Salam-Sezgin theory, where Fˆ2 = dAˆ(1), Hˆ(3) = dBˆ(2) +
1
2 Fˆ(2) ∧ Aˆ(1), one obtains the
equations of motion following from (2.1), where H(3) = e
2φ ∗dσ [10].
2.1 The Lorentzian Theory
In order to maintain the supersymmetry in the bosonic sector, the spacetime must admit
Killing spinors for which the variations (2.2)-(2.4) of the fermionic fields are zero. Assuming
that ǫ is a commuting Majorana spinor, the only nontrivial bilinears of ǫ are Kµ = ǫ¯γµǫ
and ǫ¯γµνǫ and it turns out that the vector Kµ can be used to completely characterize the
solutions. From the vanishing of the right hand side of (2.4) it can be deduced that Kµ
must be a covariantly constant null vector:
∇µKν = 0, KµKµ = 0, (2.7)
and consequently, the metric must be that of a pp-wave (see [11], pg.380-381):
ds2 = 2dudv +H(u, x, y)du2 + dx2 + dy2. (2.8)
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The vanishing of the right hand side of (2.2) implies that
F iµνK
ν = ⋆F iµνK
ν = 0, (2.9)
where ⋆ is the Hodge dual. Defining the basis one-forms as e+ = du, e− = dv + 12H du,
ea = dxa, where xa = (x, y) and ds2 = 2e+ e−+ ea ea, the non-vanishing frame components
of the torsion-free spin connection and the curvature are given by
ω+a =
1
2∂aH e
+ , R+a+b = −12∂a∂bH , R++ = −12∇2H . (2.10)
The generalization of Coleman’s non-Abelian plane waves [1] to curved spacetime now shows
that there is a gauge in which the Yang-Mills potential can be chosen as [2]
Ai = Ai(u, x, y) du . (2.11)
In this gauge the Yang-Mills field strength is F i = ∂aAi dxa ∧ du. Notice that although
the nonlinear term A ∧ A in the Yang-Mills curvature vanishes the solutions will have a
full non-Abelian character as long as the holonomy of the Yang-Mills connection is not
contained in any U(1) subgroup of SU(2). The vanishing of A ∧ A just reflects the fact
that the non-Abelian pp-waves constitute their own linearized approximation. This is a
well-known property of the vacuum pp-waves.
Using the pp-wave curvature given in (2.10) it can be inferred from (2.4) that γ+ ǫ = 0
and d(eφdσ)γ5ǫ = 0. The second condition allows us to write e
φdσ = dλ, where λ is an
arbitrary function. On the other hand, since (2.3) implies Kµ∂µφ = K
µ∂µσ = 0, one can
deduce from (2.3) that the dilaton φ and the axion σ can only be arbitrary functions of u.
Therefore, λ = λ(u).
It remains to check whether the field equations are satisfied. Since φ = φ(u), σ = σ(u)
and the scalar invariants of the Yang-Mills curvature vanish, the dilaton and the axion field
equations are trivially satisfied. The Yang-Mills equations reduce to
(∂2x + ∂
2
y)Ai = 0 . (2.12)
Defining z = x+ iy, we may solve this equation by writing
Ai = 1
2
[χi(u, z) + χ¯i(u, z¯)] , (2.13)
where the su(2) valued functions χi(u, z) are holomorphic in z, and arbitrary in u.
The only non-vanishing frame component of the energy-momentum tensor for this field
configuration is T++ =
1
2 [(φ˙
2 + λ˙2) + e−φ∂aAi ∂aAi], where dot denotes the differentiation
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with respect to u. Using (2.10) the Einstein equations become −4∂∂¯H = (φ˙2 + λ˙2) +
e−φ∂χi ∂¯χ¯i, where ∂ = ∂/∂z and ∂¯ = ∂/∂z¯. It follows that the metric function H(u, z, z¯)
is given by
H(u, z, z¯) = K(u, z) + K¯(u, z¯)− 14 [e−φχi(u, z)χ¯i(u, z¯) + (φ˙2 + λ˙2)zz¯] , (2.14)
where K(u, z) is an arbitrary function of u but holomorphic in z.
With φ and σ arbitrary functions of u, it can be checked that the supersymmetry con-
straints from the transformation rules (2.2) - (2.4) are now all satisfied except the condition
dǫ = i4 dλ γ5ǫ, (2.15)
which follows from (2.4). This equation can be integrated to fix the final form of the Killing
spinor:
ǫ = e
i
4 λ(u) γ5 η , (2.16)
where dη = 0. The constant spinor η obeys
γ+η = 0, (2.17)
showing that the solutions possess 1/2 of the Poincare´ supersymmetry.
2.2 The Riemannian Theory
This is most easily obtained by setting σ = iΣ, with Σ real and inserting the appropriate
factor of i in the F i∧F i term in the Lagrangian. The scalar fields φ,Σ then take their values
in two-dimensional de-Sitter or Anti-de-Sitter space rather than two-dimensional hyperbolic
space or the upper-half- plane as it does for the Lorentzian theory. The indefinite metric
on the target space is
dφ2 − e2φdΣ2. (2.18)
In the Euclidean-signatured theory there are no Majorana spinors, and so we take the
spinors to be chiral. From (2.2), and choosing ǫ = +γ5ǫ, we see that supersymmetry then
requires that F i must be anti-self-dual
F i = − ⋆ F i. (2.19)
We easily see from (2.3) that
∂µφ+ e
φ∂µΣ = 0. (2.20)
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The geometrical meaning of (2.20) is that the image of the map φ(x),Σ(x) in the two-
dimensional internal space is a lightlike geodesic in de-Sitter or anti-de-Sitter spacetime.
From (2.4) we deduce that
ǫ = e−
1
4
φη, (2.21)
where η is covariantly constant. It follows that the metric must be anti-self-dual or Hyper-
Ka¨hler
Rµναβ = −1
2
ǫµνστR
στ
αβ . (2.22)
In particular the Ricci tensor must vanish. This is consistent with the field equations
because the stress tensor of a self-dual Yang-Mills field and of a map with totally light like
image vanish identically. It remains to check the equation of motion for the scalar fields. A
short calculation reveals that it reduces to the linear equation
∇2eφ = −1
4
F iµνF
iµν , (2.23)
where ∇2 is the scalar Laplace operator on the Hyper-Ka¨hler 4-manifold.
A simple example is to take the four-dimensional metric to be flat, which we write as
ds24 = dr
2 + 14r
2 σ2i , where σi are left-invariant one-forms on SU(2), and the Yang-Mills
fields to be those of the single-instanton solution. This can be written as
Ai =
1
1 + λ r2
σi , (2.24)
where λ sets the scale size of the instanton. It is straightforward to integrate (2.23), yielding
eφ = c+
m
r2
+
2λ (2 + λ r2)
(1 + λ r2)2
, (2.25)
where c and m are arbitrary constants of integration. The solution is non-singular at r = 0
if m = 0.
3 Non-Abelian AdS pp–waves
One can readily generalize the discussion of section (2.1) to the case when a negative cos-
mological constant term is present. Consider adding a term −2Λ ∗ 1l to the action (2.1),
where Λ is constant. This will bring in a cosmological constant term in Einstein’s equations
and the appropriate ansatz for the metric that modifies (2.8) is now
ds2 =
a2
z2
(
2dudv +H(u, x, z)du2 + dx2 + dz2
)
, (3.1)
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where the constant a is proportional to the radius of curvature. Note that in this section z
is used to denote a real coordinate, and should not be confused with the complex coordinate
used in section 2.1. The metric (3.1) is related to (2.8) simply by a conformal factor. On
each (holographic) slice z = constant, it describes a wave propagating at the speed of light
along the horosphere [19,20].
Assuming that φ = φ(u), σ = σ(u) and using the gauge (2.11) for Ai, the Yang-Mills
equations are still given by (2.12) and admit the same solution as in section 2.1. Once
again the scalar invariants of the Yang- Mills field vanish and the dilaton and the axion
field equations put no restrictions on the arbitrary functions φ(u) and σ(u). The metric
(3.1) is a solution of the generalized Einstein equations
Rαβ = Λgαβ +
1
2
e−φ
(
F iαγF
i γ
β −
1
4
F iγδF
i γδ gαβ
)
+
1
2
∇αφ∇βφ+ 1
2
e2φ∇ασ∇βσ, (3.2)
provided that Λ = −3/a2 and H satisfies a Siklos equation [22] with source:
−(∂2x + ∂2z )H +
2
z
∂zH = e
−φ z
2
a2
(∂A)2 + φ˙2 + λ˙2, (3.3)
where (∂A)2 = ∂zA
i∂zA
i + ∂xA
i∂xA
i and as in section 2.1, dλ = eφdσ . The solutions of
(3.3) with zero source are known to be singular at z = +∞ [21].
In view of an AdS/CFT interpretation of the non-Abelian pp–waves it may be useful to
consider the same construction in all dimensions D ≥ 4. The metric is
ds2 =
a2
z2
(
2dudv +H(u, xm, z)du
2 + hmndx
mdxn + dz2
)
, (3.4)
where we allow a Ricci flat metric hmn on the D − 3-dimensional transverse space. We
keep the same functional dependence of the scalar fields on the coordinates: φ = φ(u) and
σ = σ(u). The definition of the Yang-Mills potential is also unchanged but its equation of
motion becomes
(∇2⊥ + ∂2z − (D − 4)
1
z
∂z)A
i = 0, (3.5)
where ∇2⊥ is the Laplace operator of hmn. In D-dimensions the cosmological constant is
Λ = −(D − 1)/a2 and the Siklos equation with source generalizes to
−∇2⊥H − zD−2∂z
(
1
zD−2
∂zH
)
= e−φ
z2
a2
(∂A)2 + φ˙2 + λ˙2. (3.6)
where (∂A)2 = hmn∂mA
j∂nA
j + ∂zA
j∂zA
j and the gauge group is arbitrary.
7
4 Non-Abelian pp-waves in General D = 4 Supergravities
In this section we show that the non–Abelian pp–waves considered above are supersymmet-
ric solutions of the general class of the four-dimensional supergravity theories describing
matter with arbitrary potential coupled to Yang-Mills fields. The model of supergravity in-
teracting with scalar multiplets is given in [14], while the coupling with Yang-Mills fields was
first constructed in [15,16]. The bosonic sector of the theory is described by the Lagrangian
L = R ∗1l− 2Gi j ∗Dzi ∧Dzj −Refab ∗F a ∧ F b − Imfab F a ∧ F b
− g2 Ref−1ab Gi (Ta) ji zj Gk (Tb) lk zl + 2 eG
(
3−Gi (G−1)i j Gj
) ∗1l, (4.1)
where zi = Ai+iBi are complex scalar fields in a realization of the gauge group whose Yang-
Mills field strength is F aµν and Dµzi is the gauge covariant derivative. Moreover, g denotes
the gauge coupling constant, G(z, z) is the Ka¨hler potential, Gi = ∂G/∂zi, Gj = ∂G/∂z
j,
Gi j = ∂
2G/∂zi∂z
j and fab(z) is a set of holomorphic functions.
The Lagrangian (4.1) ostensibly requires that the scalar potential is non-zero. However,
we can always add a constant to the Ka¨hler potential G without affecting Gi or G
i
j . Taking
the constant to minus infinity allows us to discard the scalar potential term. In this way,
we can view the dimensionally-reduced Salam-Sezgin Lagrangian (2.1) as a special case of
(4.1). Note that in this case the gauge covariant derivative on the scalar fields becomes the
ordinary derivative, because the SU(2) gauge group does not act on the scalar fields (φ, σ).
The non-Abelian pp-waves of section 2.1 are therefore solutions in this limit and it is clear
that the same procedure can be employed for other gauge groups as well.
In general the fermionic supersymmetry transformations are
δλa = −1
2
F aαβ γ
αβǫL +
i
2
g Ref−1ab G
i (Tb)
j
i zjǫL, (4.2)
δχi = − γαDα (Ai + i γ5Bi) ǫ−
√
2 eG/2 (G−1) ji Gjǫ , (4.3)
δψα = 2∇α ǫ+
(
GiDαzi −GiDαzi
)
ǫ+ eG/2 γα ǫ . (4.4)
As in section 2.1, it is easy to see that (4.2) implies
ιV Fa = ReXa V, (4.5)
ιV ∗ Fa = ImXa V, (4.6)
where Xa =
i
2 g Ref
−1
ab G
i (Tb)
j
i zj and V is the null vector associated to the Weyl spinor
ǫL. In order to have a non-abelian pp-wave solution one has to impose then Xa = 0, which
implies Gi = 0. This cannot be identically true otherwise there would be no kinetic term
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for the scalars. Rather, one can ask the scalars to be at an extremal point of the Ka¨hler
function
Gi|z=z0 = 0, (4.7)
Dαzi = 0. (4.8)
Gi = 0 implies that the scalar potential reduces to the constant term 6 eG, which is consistent
with the equations of motion for the scalar fields obtained from (4.1) when these fields
are covariantly constant. Moreover, (4.3) is then automatically satisfied. The gravitino
supersymmetry transformation then implies that the spinorial parameter satisfies Dαǫ +
1/2 eG/2γα ǫ = 0.
The term 6 eG in the potential acts as a negative cosmological term and the metric is
that given in section 3. (Since the scalar fields can at most be certain functions of u and
will not explicitly appear in our discussion, we shall continue to use z as the real coordinate
of section 3). Defining the frame e+ = az du, e
− = az
(
dv + 12H du
)
, e3 = az dz, e
4 = az dx so
that ds2 = 2 e+e−+e3e3+e4e4, we find the non vanishing components of the spin connection
to be
ω+3 =
1
2∂zH du− 1ae−,
ω+4 =
1
2∂xH du,
ω−3 = −1zdu,
ω34 =
1
zdx,
(4.9)
and the Ricci tensor can be written as
Rµν = − 3
a2
gµν + δ
u
µ δ
u
ν
[
−1
2
(
∂2xH + ∂
2
zH
)
+
1
z
∂zH
]
. (4.10)
For such solutions the cosmological constant obeys eG = 1
a2
and choosing a to be the positive
root, we get a = e−G/2. Assuming that Eqs.(4.7), (4.8) hold, the first two supersymmetry
variations (4.2), (4.3) vanish provided ǫ satisfies γ+ǫ = 0 as in section 2.1. Setting the
variation (4.4) of the gravitino to zero then gives
∂vǫ = 0,
∂uǫ− 12z γ−3ǫ = − 12zγ−ǫ,
∂zǫ = − 12zγ3ǫ,
∂xǫ+
1
2z γ
34ǫ = − 12zγ4ǫ.
(4.11)
Since
{
γ+ , γ3
}
= 0 we can project these equations on the two spinors ǫ1, ǫ2 such that
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γ3ǫ1 = +ǫ1, γ
3ǫ2 = −ǫ2. This gives us the two systems
∂vǫ1 = 0,
∂uǫ1 = 0,
∂zǫ1 = − 12z ǫ1,
∂xǫ1 = 0,
∂vǫ2 = 0,
∂uǫ2 = −1zγ−ǫ2,
∂zǫ2 = +
1
2z ǫ2,
∂xǫ2 = −1z γ4ǫ2.
(4.12)
The first system of equations has the solution ǫ1 =
1√
z
η, where η is a constant spinor
satisying γ+η = 0 = (1 − γ3)η. The second system of equations instead does not admit a
solution. Therefore, the presence of a cosmological constant term implies that the solutions
preserve 1/4 of the supersymmetry.
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